The influence of vertical shear on the evolution of mountain wave momentum fluxes in time-varying cross-mountain flows is investigated by numerical simulation and analyzed by using ray tracing and the WKB approximation.
Introduction
Gravity waves, which are frequently generated when air flows over a ridge, are associated with 23 vertical fluxes of horizontal momentum. A decelerative force is exerted on the cross-mountain 24 flow in regions of vertical momentum flux divergence. As an example, mountain waves frequently 25 break down in the lower stratosphere, where the momentum-flux divergence associated with this 26 breaking produces "gravity wave drag." The important influence of gravity-wave drag on the large-27 scale flow over mountains has long been recognized (Sawyer 1959; Lilly 1972; Smith 1979) , and 28 this effect is parameterized in all coarse-resolution weather and climate models [see Kim et al. 29 (2003) for a review].
30
The accurate parameterization of gravity wave drag is extremely difficult, because among 31 other things, its magnitude can be a sensitive function of nonlinear processes (Durran 1992) and To examine nonsteady mountain waves and momentum fluxes in a more realistic but still ide-46 alized environment, Menchaca and Durran (2017) (hereafter MD17) conducted simulations of an 47 mid-latitude cyclone growing in a baroclinically unstable flow encountering an isolated 3D ridge.
48
The mountain-wave momentum fluxes develop differently in these new simulations: the strongest 49 fluxes occur near the surface after the passage of the strongest large-scale cross-mountain winds.
50
The key factor producing the difference between the momentum fluxes in the current simulation The large-scale flow and the initiation of the cyclone are described in MD17, along with the 61 shape of the isolated ridge, whose approximate x and y extents are 80 and 640 km. Our focus 62 is on the simulation with the lower 500-m-high ridge for which the waves do not break and a 
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86
The terrain-induced velocities (u , v ) will be evaluated as the difference between the fields in 87 a pair of simulations conducted with and without the mountain. The vertical flux of the terrain-
In the subsequent analysis, (x 1 , x 2 ) = (−372, 1145) km, (y 1 , y 2 ) = (−1128, 172) km, which gives 90 the maximum sized box having the terrain centered in the north-south direction that fits within the 91 fine-nest subdomain. A mountain induced pressure drag may be computed as
At heights z l below the top of the mountain, the mountain-induced pressure drag generated by the 
105
Since there is no wave breaking, the wave-packet accumulation mechanism responsible for the To evaluate the influence of the vertical shear in the simplest context, consider a 2D horizontally 113 homogeneous large-scale flow in an (x, z) plane over a mountain. In a WKB framework, the 114 dispersion relation for hydrostatic gravity waves in this basic state is
where N will be assumed constant, and k and m are the horizontal and vertical wavenumbers, respectively. The vertical group velocity is
From (3), ray tracing theory (Lighthill 1978) gives
and
where
is the total derivative following a ray path. From (4) - (6), the change in the vertical group velocity 121 along a ray path is, therefore,
If there is no vertical wind shear, the vertical group velocity remains constant as the packet propa-
123
gates upward from the surface.
124
Assuming the mountain waves are approximately steady at some time t l when the packet is first 125 launched, (3) implies U(0,t l )k = Nk/m; solving this for m and substituting in (4), the vertical 126 group velocity at the surface at time t l is 2
When U(0,t l ) increases with time, (9) implies that packets launched at later times have larger 128 vertical group velocities and will tend to overtake those launched earlier (although they do not the rate at which c g z increases along a ray path owing to vertical shear is greater than the rate at 133 which c g z increases owing to the acceleration of the cross-mountain flow, i.e., if
The condition (10) can easily be evaluated at the surface. Differentiating (9) with respect to time 135 and substituting the vertical wavenumber for steady waves m = N/U(0,t l ) in (8), shows that wave 136 packets will not accumulate in the vertical if
or alternatively, if
To appreciate the influence of vertical shear in a simple numerical example, consider a two-139 dimensional (x-z) horizontally-uniform large-scale flow that accelerates from rest and varies sinu-
140
soidally with time over a period τ = 50 h, such that 
This flow starts from rest, accelerates to a maximum speed of 2u(z) at = τ/2, and then decelerates 143 back to zero. Three cases, α = 0, 5×10 −4 , and 10×10 −4 s −1 , will be examined through numerical 144 simulation using the model in a 2D x-z configuration.
145
The mountain profile is taken parallel to the x-axis along the center line of the 3D mountain [i.e.,
146
is given by equation (1) 
156
The maximum acceleration of the large-scale flow, and the greatest potential for wave packet 157 accumulation, occurs at 12.5 h (t = τ/4). Taking 80 km as a representative wavelength for the 158 mountain profile, N = 0.01 s −1 , and using (14), both sides of (11) 
165
Horizontally averaged momentum fluxes
are plotted for all three cases as a function of time and height in Fig. 5 . The pattern of M 2d in 167 the no shear case (Fig. 5a ) is very similar to that in enhancement during the acceleration phase disappears in the case with moderate shear (Fig. 5b) ,
170
and the maximum momentum fluxes occur just slightly after the time of maximum wind. In the 171 most strongly sheared case (Fig. 5c) , for which the magnitude of the 0-10-km shear rises to 20 m 172 s −1 at the time of maximum wind, the maximum momentum fluxes at all levels occur after the time of maximum cross-mountain wind, and at t = 27 h there is a slight decrease in M 2d between In summary, as the vertical shear is increased in the 2D simulations shown in Fig. 5 , the time- produced by the vertical divergence of wave packets in strongly sheared flow.
182
Another factor that might influence the vertical gradient of M is acceleration by the Coriolis 183 force, which combines with the vertical momentum flux to balance the surface pressure drag in 184 steady linear flow P f such that
where η is the displacement parallel to the y coordinate produced by the perturbation y-component Lows and highs are labelled by an "L" and "H", respectively. 
